In this article, by using Razumikhin-type technique, we investigate pth moment exponential stability of stochastic functional differential equations with Markovian switching and delayed impulses. Several stability theorems of impulsive hybrid stochastic functional differential equations are derived. It is assumed that the state variables on the impulses can relate to the finite delay. These new results are employed to a class of n-dimensional linear impulsive hybrid stochastic systems with bounded time-varying delay. Moreover, an effective M-matrix method is introduced to study the exponential stability of these hybrid systems. Meanwhile, some examples and simulations are given to show our results.
Introduction
Stochastic differential equation is an emerging field drawing attention from both theoretical and applied disciplines, which has been successfully applied to problems in mechanical, electrical, economics, physics and several fields in engineering. For details, see [1] [2] [3] [4] [5] [6] and the references therein. Recently, stability of stochastic differential equations with Markovian switching has received a lot of attention [7] [8] [9] [10] [11] [12] . For example, Ji and Chizeck [7] and Mariton [8] studied the stability of a jump linear equation
dx(t) = A(r(t))x(t)dt,
where x(t) takes values in R n , r(t) is a Markovian chain taking values in S = {1, 2, ..., N}. Mao [9] discussed the stability of nonlinear stochastic differential equation with Markovian switching of the form
dx(t) = f (x(t), t, r(t))dt + g(x(t), t, r(t))dω(t).
In [10] , Mao studied the stability of stochastic functional differential equation with Markovian switching of the form
dx(t) = f (x t , t, r(t))dt + g(x t , t, r(t))dω(t).
Impulsive effects are common phenomena due to instantaneous perturbations at certain moment, such phenomena are described by impulsive differential equation which have been used effciently in modelling many practical problems that arise in the fields of engineering, physics, and science as well. So the theory of impulsive differential equations is also attracting much attention in recent years [13] [14] [15] [16] [17] [18] [19] . Correspondingly, a lot of stability results of impulsive stochastic functional differential equations have been obtained [20] [21] [22] [23] [24] [25] [26] . However, there are few results on the stability of impulsive stochastic differential equation with Markovian switching. In [27] , Wu and Sun established some stability criteria of p-moment stability for stochastic differential equations with impulsive jump and Markovian switching.
In this article, we shall extend Razumikhin method [10, 12] to investigate the pth moment exponential stability of the following stochastic functional differential equations with Markovian switching and delayed impulse ⎧ ⎨ ⎩
dx(t) = f (x t , t, r(t))dt + g(x t , t, r(t))dω(t) t
The state variables on the impulses relate to the finite delay, which implies that the impulsive effects are more general than those given in [20, 22, 23] . Some Theorems on the pth moment exponential stability are derived in the case that the impulsive gain d ik +d ik < 1 or d ik +d ik ≥ 1. These new results are employed to the n-dimensional impulsive hybrid stochastic systems with bounded time-varying delay. Useful criteria in terms of an M-matrix (see Berman and Plemmons [28] ) which can be verified much more easily are established. Meanwhile, examples and simulations are provided to show the impulsive effects play an important role in the stability for hybrid stochastic systems. The rest of this article is organized as follows. In Section 2, stochastic functional differential equations with Markovian switching and delayed impulses together with some definitions of pth moment exponential stability are presented. In Section 3, the Razumikhin-type theorems on pth moment exponential stability for stochastic functional differential equations with Markovian switching and delayed impulses are established. In Section 4, these results will then be applied to the n dimensional hybrid stochastic delay systems and M-matrix method is introduced to verify the stability easily. Finally, examples are given to demonstrate our effective results in Section 5.
Preliminaries
Let R = (−∞, +∞), R + = [0, +∞), R n denote the n-dimensional Euclidean space with the Euclidean norm | · |. If A is a vector or matrix, its transpose is denoted by A T , and its norm is denoted by ||A|| = λ max (A T A), where l max (·) is the maximum eigenvalue of a matrix. ω(t) = (ω 1 (t), ω 2 (t), . . . , ω m (t)) T is an m-dimensional Brownian motion on a complete probability space ( , F , P) with a natural filtration {F t } t≥0 satisfying the usual conditions, (i.e.
, ψ(t) exist, and ψ(t − ) = ψ(t)} with the norm ||ψ|| = sup −τ ≤θ ≤0 |ψ(θ )|, where ψ(t + ) and ψ(t − ) denote the right-hand and left-hand limits of function ψ(t) at t.
Let r(t)(t > 0) be a right-continuous Markovian chain on the probability space taking values in a finite state space S = {1, 2, ..., N} with generator Γ = (γ ij ) N×N given by
where Δ > 0. Here g ij ≥ 0 is the transition rate from i to j while
We assume that the Markovian chain r(t) is independent of the Brownian motion ω(t). It is known that almost every sample path of r(t) is a right-continuous step function with a finite number of simple jumps in any finite subinterval of R + .
Consider the following impulsive hybrid stochastic functional differential equation of the form
where
represents the jump in the state x at t k with I k determining the size of the jump, f :
Throughout this article, we assume that f, g and I k satisfy the necessary conditions for the global existence and uniqueness of solutions for all t ≥ 0. For any
there exists a unique stochastic process satisfying Equation (2.1) denoted by x(t; ξ), which is continuous on the left-hand side and limitable on the right-hand side. Also we assume that f(0, t, i) ≡ 0, g(0, t, i) ≡ 0 and I k (0, 0, t, i) ≡ 0, k = 1, 2, ..., which implies that x(t) ≡ 0 is an equilibrium solution.
Definition 2.1. The zero solution of Equation (2.1) are said to be pth moment exponentially stable if there exists h > 0 such that for any initial values
Remark 2.1. When p = 2, it is often called to be exponentially stable in mean square.
Stability analysis
In the following, we shall establish some criteria on pth moment exponential stability for Equation (2.1).
Theorem 3.1.
δ , then the zero solution of Equation (2.1) is pth moment exponentially stable with pth moment exponent l, w h e r e
and extend r(t) = r(0) = r 0 for all t [−τ, 0]. Let ε be small enough such that t + ε (t k−1 , t k ). By generalized Itô formula, we have
t, r(t)) = EL V(x(t), t, r(t)). (3:2)
Let W(t) = e lt EV (x(t), t, i), we have for
From (iii), we have
Taking M > 0 such that
we can claim that for t ≥ -τ
It is easy to see that W(t) <M for t [-τ, 0]. Now, we shall prove that
Otherwise, there exists a t* (0, t 1 ] such that
In view of the continuity of W(t) in [0, t 1 ], there exists a t** (0, t*) such that
Then we obtain 
This is a contradiction. Hence (3.7) holds. From (iii), we obtain
Next, we shall show that
If it does not hold, there exists a t * 1 ∈ (t 1 , t 2 ] such that 
Then, we have 19) which is a contradiction. Thus, (3.15) holds. By induction, we can prove that for k = 1, 2, ...
(3:20)
Therefore, we have for t ≥ -τ
From (i) and the above inequality, we have 22) which implies that
The proof of Theorem 3.1 is complete. Remark 3.1. In Theorem 3.1, the zero solution of hybrid stochastic functional differential equations without impulses is allowed to be unstable. In this case, the delayed impulses are key in stabilizing the hybrid stochastic equations. It requires the nearest impulse time interval must be sufficiently small and the maximal impulsive gain max i∈S,1≤k<+∞
then the zero solution of Equation (2.1) is pth moment exponentially stable, where
{d ik +d ik e λτ } > 1 .
Proof. Since (v) holds, we can choose sufficiently small ε > 0 such that
we shall show that for t ≥ -τ
It is easy to see that W(t) <M for t [−τ, 0]. Now, we shall prove that
If it does not hold, there exists a t* (0, t 1 ] such that
In view of the continuity of W(t) in [0, t 1 ], there exists a t** [0, t*) such that
Together with (3.24) and (ii), for t ∈ [t * * , t * ], we have 
which is a contradiction. It follows from (3.25), (3.35) and (3.28) that
(3:41)
Furthermore, we can prove that
Indeed, there exists at 1 ∈ (t 1 , t 2 ] such that
. Thus by (3.24) and (ii), for t ∈ (t 1 ,t 1 ), we have
This is a contradiction. If there exists at 1 ∈ (t 1 ,t 1 ) such that
In view of the continuity of W(t) in (t 1 , t 2 ], there exists at 1 ∈ [t 1 ,t 1 ) such that 
This is a contradiction. By induction, we can prove that for k = 1, 2, ... d ik +d ik ≥ 1. This means that the hybrid stochastic equation not only can achieve exponential stability but also is exponential stability with delayed impulses. In this case, it requires that the minimal impulse time interval must be sufficiently large such that the hybrid stochastic differential equations with delayed impulses can make keep its stability property.
Some consequences
In the following, we shall apply the above new results to a class of linear impulsive hybrid stochastic systems by using Lyapunov function and M-matrix method. Consider the following n-dimensional impulsive hybrid stochastic delay differential equation
dx (t) = [A (r (t)) x (t) + B (r (t)) x (t − τ (t))] dt + [C (r (t)) x (t) + D (r (t)) x (t − τ (t))] dω (t)
where 0 ≤ τ (t) ≤ τ is continuous, τ is a positive constant. For convenience, we denote A(r(t)) = A i , B(r(t)) = B i , C(r(t)) = C i , D(r(t)) = D i , where
Theorem 4.1. Assume that there exist symmetric positive definite matrices Q i and
where 
In view of for any vectors x, y R n , scalar ε > 0, the following inequality holds
then it follows that
and
(4:9)
Substituting (4.8) and (4.9) into (4.6) we can derive that
we have
For t = t k , it follows from (ii) that
Consequently, the conclusions follow from Theorem 3.1. This completes the proof. Theorem 4.2. Assume that exist symmetric positive definite matrices Q i and con- Proof. By (iii), we choose sufficiently small ε > 0 such that 
EV (φ (0) , t, i) . (4:19)
Therefore, the conclusions follow from Theorem 3.2.
In the following, we shall establish tractable exponential stability conditions. To this end, we take
Corollary 4.1. Assume that there exist constants
(iii) for all i S 24) then the zero solution of Equation (4.1) is exponentially stable in the mean square, where Ξ is the diagonal matrix
Proof. We conclude that all the elements of (Ξ − Γ) −1 are nonnegative. So we have 
(4:27)
The required conclusion follows from Corollary 4.1. Corollary 4.4. There exist constants 28) then the zero solution of Equation (4.1) is exponentially stable in the mean square, where Ξ is the diagonal matrix denoted bȳ
d ik +d ik e λτ ≥ 1.
Examples and numerical simulations
In this section, two examples are provided to illustrate our results. Example 5.1. Let ω(t) be a scalar Brownian motion. Let r(t), t ≥ 0 be a right-continuous Markov chain taking values in S = {1, 2} with the generator
Consider the following scalar hybrid impulsive stochastic delay system
where Remark 5.1. From Figures 1 and 2 , although hybrid stochastic delay system without impulses may be exponentially unstable in the mean square, adding delayed impulses may lead to exponentially stable in the mean square, which implies that impulses may change the stable behavior of an system. Example 5.2. Let r(t), t ≥ 0 be a right-continuous Markov chain taking values in S = {1, 2, 3} with the generator −2 2 1 −1 . By Corollary 4.3, the zero solution of Equation (5.2) is exponentially stable in the mean square. Figure 3 depicts x 1 (t), x 2 (t) of Equation (5.2) is exponentially stable in the mean square.
Consider the following the 3-D hybrid impulsive stochastic delay system dx (t) = A r(t) x (t) + B r(t) x (t − 0.5) dt + C r(t) x (t) + D r(t) x (t − 0.5) dω (t)
,
